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ABSTRACT: Employing a twisted superspace with eight supercharges, we describe an off-
shell formulation of N = 4 D = 3 twisted super Yang-Mills in the continuum spacetime
which underlies the recent proposal of N = 4 D = 3 twisted super Yang-Mills on a
lattice [fJ. By a dimensional reduction from the N = 2 D = 4, we explore the two
possible topological twists of N = 4 D = 3 and then show that the lattice formulation
given in is essentially categorized as the B-type. We also show that, amongst the two
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1. Introduction

It has been two decades since the twisted supersymmetry (SUSY) was first introduced [I].
Although the notion of twisted SUSY was originally proposed in the context of topological
field theories [[]—[], it has been recently paid much attention also from the lattice SUSY
point of view [J—[f]. The main purpose of lattice SUSY is to provide a constructive for-
mulation of supersymmetric models. To this end there have been a wide variety of studies
addressing this subject [§—[[J]. On the other hand, it has long been recognized that there
are a couple of obstacles in formulating lattice SUSY, such as the breakdown of Leibniz
rule and the existence of fermion doubling on the lattice. The twisted SUSY is providing
a fundamental framework to overcome these difficulties. In the series of studies [f]—ff, we
formulated the N = D = 2 twisted Wess-Zumino type models, N = D = 2 twisted super
Yang-Mills (SYM) and N =4 D = 3 twisted SYM on a lattice. Starting from a careful
observation of difference operators and supercharges, we introduced the notion of lattice
Leibniz rule conditions. We then explicitly showed that the Dirac-Kahler twisted SUSY
algebra can satisfy these conditions. As a result, we could realize all the supercharges and
the invariance on the lattice by systematically introducing the link (anti-)commutator al-
gebra. It is crucial to observe that the importance of the twisted SUSY can be traced back
to the intrinsic relation between twisted fermions and Dirac-Kéhler fermions [[3—[4]. Fur-
thermore, the very recent development in terms of the matrix formulation [[[f] is serving as
a fundamental framework realizing the above picture more rigidly. It is also interesting to
mention that the above link approach of lattice SUSY and the so-called orbifold approach
of lattice SUSY [[[4] turn to be closely related each other, which was mentioned in the
discussion in [[] and also recently pointed out in [[L§].

Keeping these circumstances in mind, in this paper, we describe a manifestly off-shell
formulation of the N = 4 D = 3 twisted SYM in the continuum flat spacetime which



underlies our recent proposal of the N = 4 D = 3 twisted SYM on the lattice. Studies
of the N =4 D = 3 twisted SYM in the continuum spacetime have been given in the
past [I7, [[§ with the classification of two inequivalent topological twists which are called
the super BF type (A-type) and the Blau-Thompson type (B-type). The twisted SYM
multiplets and the algebra given in these studies are not entirely off-shell. In this paper,
we explore these inequivalent twists entirely in a off-shell regime. We then show that the
lattice SYM multiplet given in [ is categorized as the B-type twist. We also investigate
these two inequivalent twists from the lattice point of view and show that only the B-
type multiplet can be realized on the lattice consistently with the Leibniz rule and gauge
covariance on the lattice.

This paper is organized as follows. In section 2, starting from the N =4 D = 3 SUSY
algebra, we introduce a twisted N = 4 D = 3 superspace formulation. We employ an
extended SUSY superconnection method in order to provide a manifest gauge covariant
off-shell framework. Introducing the N = 4 D = 3 twisted SYM constraints for the
supercovariant derivatives, we construct a manifestly invariant formulation of N =4 D =3
twisted SYM in the continuum spacetime which underlies the recent proposal of twisted
SYM on a three dimensional lattice [fi]. We also discuss about the twisted SUSY exact
relation between the super Chern-Simons and the SYM completely in the off-shell regime,
stressing that the existence of sub-algebra and sub-multiplet is responsible for the off-
shell super Chern-Simons realization. In section 3, by a dimensional reduction from the
N =2 D = 4 twisted SYM, we explore the two possible twists of N =4 D = 3. We then
show that the lattice formulation of SYM given in [ is classified as the B-type twisted
SYM. In section 4, after reviewing the notion of the lattice Leibniz rule [[]-[f], we examine
the possibilities of realizing the twisted N =2 D =4, N =4 D = 3 A-type and B-type
SYM on the lattice. We then explicitly show that only the B-type twisted SYM can be
consistent with the lattice Leibniz rule and the gauge covariance on the lattice. Namely,
the formulation given in [ is the unique lattice realization of N =4 D = 3 twisted SYM
satisfying these conditions. Section 5 gives the summary and the discussions.

2. Superspace formulation of N =4 D = 3 twisted SYM

In this section, employing a twisted superfield method with eight supercharges, we ex-
plicitly perform an off-shell construction of the N = 4 D = 3 twisted SYM. It provides
the underlying continuum theory for the recent proposal of twisted SYM on the three
dimensional lattice [[]. We start from the following N =4 D = 3 SUSY algebra,

{Qais Qjp} = 20ij(Vu)ap P, (2.1)
s Q] = +5 ()as Qs @il = —5@aO)ses (22
[Ry, Qoi] = _%Qaj('Yu)jh Ry, Qi = +%(’m)z‘j@jaa (2.3)

[T B = —ieppPpy  [Judy] = —i€uwpdy,  [Bus Ry = —iepR,, (2.4)
(R, P)) =[P, P)] = [Ju, Ry] = 0, (2.5)



where the gamma matrices v, can be taken as the Pauli matrices, v*(u = 1,2,3) =
(c',02,0%). The conjugate supercharge Q;, can be taken as the complex conjugation of
Qair Qia = Q7;. The J, and R, (1 = 1,2,3) are the generators of SO(3)r ~ SU(2)g
Euclidean Lorentz rotations and SO(3)r ~ SU(2)g internal rotations, respectively.

As in the case of N = D =2 [, I3, [9] and N = D = 4 [[i4, [[q, Bq], the twisting
procedure can be performed by taking the diagonal subgroup of the Lorentz rotations
and the internal rotations. Here in the case of N = 4 D = 3, we take the diagonal
subgroup (SO(3)r x SO(3)Rr)diag Whose covering group is (SU(2)g x SU(2)R)diag- This
corresponds to introducing the twisted Lorentz generator Jgiag as a diagonal sum of J,
and R, Jgiag = J, + R,. Since, after the twisting, the Lorentz index o and internal index
1 are rotated on the same footing, the resulting algebra is most naturally expressed in terms

of the following Dirac-Kéahler expansion of the supercharges,

Qoi = (18 + Yu5u)ais Qia = (13 +7u8u)ia; (2.6)

where 1 represents the two-by-two unit matrix. The coefficients (s,5,,s,,5) are called the
N =4 D = 3 twisted supercharges. After the expansions, the original SUSY algebra (P.1)
can be expressed as,

{s,3.} = Py, (2.7)
{su:3,} = —i€uplPy, (2.8)
{s, 5.} = Py, (2.9)
{others} = 0, (2.10)

where €,,, is the three dimensional totally anti-symmetric tensor with €123 = +1. The
Lorentz and the internal rotations of the supercharges are re-expressed on the twisted basis,

1 7 1

[y, 8] = +§Suv [y, s0] = — 5 CupSp + §5WS, (2.11)

_ 1 _ 1 1.

[Ju, 3] = —=3,, [Ju,30] = —z€upSp — =05, (2.12)
2 2 2
1 ) 1

(R, s] = 55w (R, s0] = T upSp T 55;“/37 (2.13)
1 7 1

[Ry,3] = +§§H, [Ru,5,] = —iewpgp + §5W§. (2.14)

Notice that (s,5) and (s,,3,) transform as scalars and vectors under (SO(3) g XSO(3) r) diag-
respectively. Namely, under the twisted Lorentz generator ngag = J, + R, they transform
as

[J0e8 5] = [J1*8 5] = 0,  [JI%8 )] = —ieupsp,  [J1,5] = —i€u,s,. (2.15)

Once we have the SUSY algebra of (s,3,,s,,5), we can construct the corresponding
superspace by introducing the fermionic coordinates 04 = (9,§ﬂ, Hﬂ,g). The N =D =2
and N = D = 4 Dirac-Kihler twisted superspace formulations are elaborated in [[L3, [[4].
Here we begin by considering the following supergroup element of the twisted N =4 D = 3,

G(z,, e,gu, 9;“5) — i~z Put05+0,5,+0,5,+05) (2.16)



By using the algebra (2.7)-(R.10), we have,
G(O, 5,5,” @HE)G(:C“, Hagua emg) =G (x,u + ay, 0+ gag,u + E;u e,u + g,uag + E) > (2'17)

where the variations of the bosonic coordinates, a,, are given in terms of the combinations
of the fermionic coordinates,

i~ i T 1 7 1z
a, = §£9p + §£9p + §£p9 + §fp9 + §€uyp£u9u - §€uup£u9u- (2.18)
Expanding the r.h.s. of (.17) w.r.t. (g,EH,gﬂ,Z),

G(x,u + ay, 0+ éaau + EW eu + gmg + E) = (5@ + Euéu + quu + g_Q)G(x;u aag,ua Qu,g),
(2.19)

one finds the superspace expressions of the N = 4 D = 3 twisted SUSY generators
(Q7QH7QM7Q)7
o, i 0

Q= 20 + 29;@“ Qu = 87 + 98 + eﬂ,,pe Op, (2.20)
_ o i — 0 1
Q - % + §6M8N7 QU = 67 + 68 e,wpe 3p, (221)

which satisfy the following algebra,

{Q,Q,} = +idy, (2.22)
{Qu: QL = +€up0p, (2.23)
{Q.Qu} = +idy, (2.24)
{others} = 0. (2.25)

Note that the above SUSY generators are induced by the left multiplication of the super-
group element (2.17). In contrast, we also have the following N = 4 D = 3 superderivatives
(D,ﬁu, Du,ﬁ) which are induced by the right multiplication of the supergroup element,

G(Z’M, 075;“ QM,E)G(O,S,EW@“E) = (§D+EHﬁM+SMDM+§—D)G(le975;”9;175)7 (226)

9 i o i R
D = % — §9M({“)M, DM = 8—9# — 508M — §€Mypayap7 (227)
— 0 i — 0 1

69 2 2] 2 89“ 2 pnrp pr

The superderivatives satisfy the following algebra,

(D.D,} = —i0,. (220)
{D,,D,} = —ewpﬁp, (2.30)
{D.D,} = —i0,. (231)
{others} = 0. (2.32)



It is important to note that the SUSY generators Q4 = (Q, @w Qu, Q) and the superderiva-
tives D4 = (D, D, D,,, D) anti-commute each other,

{Qa,Dp} = 0. (2.33)

Having these superspace operators in hand, we then proceed to formulate the N =
4 D = 3 twisted SYM by means of the superfield method. One of the most systematic
treatments to construct the supersymmetric gauge theories is the so-called super-connection
method which was introduced in [PJ]. It was also applied to the investigation of topolog-
ical quantum field theory [PJ]. The detailed analysis of super-connection formulations for
twisted N = D = 2 and N = 2 D = 4 from the Dirac-Kéahler point of view are given
in [14, ).

We first introduce the N = 4 D = 3 fermionic gauge covariant derivatives V4 =
(V,vw vﬂ’v)a

V=D-il'(2,0,0,,0,,0), ¥V, = D,—il,(2,0,0,,0,,0), (2.34)
V =D —il(2,0,0,,0,,0), ¥V, = D,—il,(z,0,0,,0,.,0), (2.35)
where 'y = (F,fu,ru,f) are denoting the superconnections associated with the su-

perderivatives. All of the I'4’s are the functions of (x,&,@u,ﬁu,g) and are belonging to
the adjoint representation of the gauge group. The fermionic gauge covariant derivatives

V 4 are transforming under the supergauge transformations as follows,
Vi — Vi =e 8V e (2.36)

where Q = Q(z, 9,5,“ Hu,g) denotes the generic hermitian superfield as we will see later on.

Since the above super-connections I'4 contain a large number of component fields,

I'a =v%a+0pyYBa+0cOpYcpa+---, (2.37)

the resulting multiplet might become highly reducible in general even after taking the
Wess-Zumino gauge. The central issue of formulating the extended supersymmetric gauge
theories is thus how to reduce the number of component fields and how to obtain the
irreducible SUSY multiplet in a gauge covariant manner.

One of the possible ways to obtain such an irreducible N = 4 D = 3 twisted SYM
multiplet is to impose the following constraints on the fermionic gauge covariant derivatives,

(V.V} = —i(V, —idW), (2.38)
(Vi Vo } = —€up(V, +i@0)), (2.39)
(V.V} = —i(V, —idW), (2.40)
{others} = 0. (2.41)

The V,, and ®1) are the superfields whose lowest components are representing the gauge
covariant derivatives and the scalar fields, respectively,

V=0, —iAy+--, (2.42)
M = g 4 ... (2.43)



here and in the following the dots - - - are representing the possible higher order terms w.r.t.
the fermionic coordinates 04 = (9,@“ GH,E). All of the components in the superfields V,
and ®® | including A, and #™, can be essentially expressed in terms of the component
fields embedded in the superconnections I'y = (F,fu, I‘M,f).

There are several remarks in order. First, since in the constraints (R.38)-(R.41]) we in-
troduced the scalar fields ¢(*) on the same footing as the gauge fields A, one may wonder
how these fields are transformed under the Lorentz SO(3)g and the internal SO(3) g rota-
tions. Reminding that the fermionic covariant derivatives V4 = (vﬁ“, VWV) are trans-
forming just like as s4 = (8,35, s,,5) in (B.11)-(2.14), respectively, one finds from (R.38)-
(.11,

[T Ty 0| = —%eﬂyp (v, +i0@) - %eﬂyp (v, - o) (2.44)
— iy, (2.45)

from which it obeys,
(7, Vu] = =iV, 7 00] = 0. (2.46)

Namely, the gauge fields A, are actually transforming as a SO(3)g vector while the scalar
fields ¢(#) are transforming as SO(3) g scalars. In contrast, one could also obtain

[R,,V,] =0, By @] = iy, @), (2.47)

which implies that the A, and #™) are transforming as SO(3) g scalars and a vector, respec-
tively. One can thus see that even though the ¢ are introduced on the same footing as
the gauge fields A, they are appropriately transforming as scalars of the original Lorentz
rotations. Obviously, the sign difference in front of the ®®) in (£.:3§)-(B:40) is respon-
sible for these transformation properties. Furthermore, one should notice that, after the

twisting, both of A, and #W) transform as vectors under the twisted rotational group

(SO(3)E x SO(3)R)diag
[Jgiag,vz] = —’L'E/Jypvga [Jﬁiag’q)(l/)} = _Z'E/»“’pq)(p)' (248)

The combinations V,, F i®) appeared in the r.h.s. of (2:3§)~(2-40) are thus the covariant
expressions w.r.t. the twisted rotational group (SO(3)g x SO(3)R)diag-

The second remark is regarding the hermiticity of the constraints (R.38)-(R.41l). We im-
pose the following hermitian conjugation properties on the fermionic covariant derivatives,

vi =V, Vi =V, (2.49)

which are consistent with the complex conjugation nature of the supercharges @,; and
Q0 in (R1), QF; = Q,,- One could easily notice that, in order to be compatible with the

constraints (2.3§)—(R.4(]), the supergauge transformation 2 in (R.3€) should be hermitian.



Correspondingly, one can take the A, and the scalars #") as the hermitian fields which
transform under the gauge transformation as,

Oy — A, — (D, —iA,)et™, pW W tiw, (2.50)

where w denotes the 64 independent first component of the supergauge transformation 2
satisfying w! = w.

The third remark is that the constraints (2.38)-(R.41])) corresponds to the naive contin-
uum limit of the N = 4 D = 3 lattice SYM constraints recently proposed in [, where the
gauge fields A,, are exponentiated together with the scalar fields ") such that they could
represent the bosonic gauge link variables either of the forward or the backward type,

O — i (Ap o)) — 3 (eFiAE) : (2.51)

rEn,,T

where the subscripts indicate that they are located on links from x to x + n, (forward)
and x to z — n,, (backward), respectively, for a generic site z. As is also stressed in [[{-ff,
the twisting is playing a fundamental role in realizing the supersymmetry on the lattice
and it can be traced back to the intrinsic relation between the twisted fermions and the
Dirac-Kéhler fermions [[3-[4]. Here we find the importance of the twisting in the bosonic
sector as well. Namely, the exponential forms in (R-51]) can transform covariantly only
under the twisted rotational group (SO(3)g x SO(3)R)diag and not under the SO(3)g and
SO(3) g independently. We will come back to this point once again in section [

Once we impose the constraints (R.3§)-(R.41]), the whole information of the resulting
N =4 D = 3 twisted SYM multiplet can be obtained by analyzing the Jacobi identities
together with the constraints (R.3§)-(R.41]). For the notational simplicity, we re-write the
constraints (R.3§)-(R.41) as

{V,Vu} = =iV, (2.52)
Vi, Vol = —€up V), (2.53)
{V,VM} - _Zv-‘rua (254)
{others} = 0. (2.55)
The symbols V., are defined by
Vi =V, FidW (2.56)
:au—i<Aﬂi¢(“))+---, (2.57)
— Dapto (2.58)

where we denote the 04 independent part of Vi, as Dy, = 0, — (4, £ QS(“)). Since

the N =4 D = 3 SYM constraints (2.59)-(2.55) are formally similar to the lattice SYM

constraints in [ff], the Jacobi identity analysis also goes parallel to the lattice analysis.!

Since in the lattice formulations of SYM [E, H] all the operators are generically defined on links, all the
(anti-)commutators are replaced by the “link” (anti-)commutators. See also the section E of this paper.



V|V | Vo | Vs | Vi | Vy | Vs | V
Vii| 0 0 |4iA3 | —iAy| 0 | —iA3|+iAy| O
Vo |+A | =7 0 0 -T 0 0 | +A;
Vio| 0 | —iAz| 0 |+iAy|+iA3| O | —iAy| O
Voo|+Aa| 0 -7 0 0 T | 0 |+4Ay
Vis| 0 |4iAg | —iAy| 0 | —iAg | +iAy| O 0
V_s|4+A3| 0 0 -T 0 0 -1 | +A3

Table 1: All components of the commutators [V 4, V4,] with V4 = (V,V,,V,,V)

The Jacobi identities of three fermionic covariant derivatives give,

Vi Vo] + [V, V] = 0, Vi Vil + [V, Vil = 0, (259)

(Vs Vo] — i€, [V, V_,] = 0, Vi Vi) +ieuw,V,V_,] = 0, (2.60)
eV, Vorl + €pun[Vi Voul = 0, €[V, Vol + €[V, Vo] = 0, (2.61)
[V,Viul = [V, Vi) =0, (2.62)

from which we can define the following non-vanishing fermionic superfields (¥, A,, A, T),?

s s
[V, V_,] = +(A,), V.V_,] = +(4,), (2.63)
Vi, Vo] = +Z€LWP(K ) Vi V] = —ieup(Ap), (2.64)
(Vi Vou] = =0, (), Vi Vool = =6u(T). (2.65)

We denote the lowest components of the fermionic superfields (T,KWA#,T) as
(p’)‘u’)‘u’p)>

T=p+ -, T =754, Ay = M+ KM:XM—F"" (2.66)

The (p, )\ , A\u, p) are representing the N = 4 D = 3 twisted fermions in the SYM multiplet.
The Vamshmg conditions resulting from the relations (R.59)—(R.62) also give rise to the
covariant “chiral” or “anti-chiral” conditions for V., for example,

[V, Vi3] = [V3, Vi3] = [V3,Vys] = [V, V3] =0, (2.67)
[V1,V3] = [Vo, V3] = [V1,V_3] = [V2,V_3] =0, (2.68)
One also has the similar conditions for V4; and Vis. All the commutators of V4 =

(V,V,,V,, V) and Vi, are summarized in table . As we will see, these conditions are
playing important roles when constructing the twisted SUSY invariant action.

2For the later convenience, we took the sign conventions of (p, ) oppositely from the ones given in [H]



By taking the anti-commutators of V 4’s with the relations (R.63)-(R.65), we have,

(V.A) — %eupo[mp,vw] — 0. (VA4 %eupo[mp,vw] —0,  (2.69)
Vi A} = 6,{V, T} =0, (Vi A} = 6,,{V,T} =0, (2.70)
ExvpiV i Ao} +i€xup[Vin, Vo] — €up{Vr, Ay} = 0, (2.71)

SV, T} +iV_oy, Vi, — {Vu A} =0, (2.72)

5 AV, T} +i[V_0, Vil = {V,, A} =0, (2.73)

ol Vs T+ expVou, Vo 4+ 6,0 {Va, T} =0, (2.74)

{v’ Au} = {V,Ku} = {vm T} = {va} =0, (2.75)

which can be solved w.r.t. the anti-commutators of the fermionic derivatives V 4 and the
fermionic superfields (A, A,),

1 = — 1
{V,A“} = +§€upo [Ver, v+o]a {vaAu} = _§E,upa[v+p, VJro]a
(2.76)
{Vu A} = =60, (Vi Ay} =60, (2.77)
, ]
{v,u’ Ayt = _Z[VJr,u’ v*l/] _6ﬂ1/ (IC_ 9 [Ver’ V*P])’ (278)
_ , i
{v,u’ Al/} = _Z[VJr,u’ v*l/] +6ﬂ1/ (IC+ 5 [Ver’ V*P])’ (279)
{V7KM} = {vaAu} = 0, (280)

and of the fermionic derivatives V 4 and the superfields (T, ),

(T} = —SemolV Vool (T} = +30lV Vool @281)
{V,T} =+K+ %[vw V_,l, {V, T} = -K+ %[vﬂ,, V_,l, (2.82)
{V,T} =-¢, {V,T} = -G, (2.83)

{(V,, T} ={V,, T} =0, (2.84)

where we introduced the auxiliary superfield G, G, IC whose first components are represent-
ing the bosonic auxiliary fields (G, G, K) in the N = 4 D = 3 twisted SYM multiplet,

G=G+-. G =G+, K=K+ . (2.85)

One can show that all the other higher Jacobi identities can be expressed in terms
of the fermionic covariant derivatives (V,VH,VWV), the gauge covariant derivative
superfields V., the non-vanishing fermionic superfields (T,KH,A!L,T) and the aux-
iliary superfields (G,G,K). As we will see, the lowest components of the superfields
(Vau, Y, A, A, T, G, G, K) are representing the off-shell multiplet of N =4 D = 3 twisted
SYM.



The SU(2)g x SU(2)g rotational properties of the component fields can also be read
off from the above Jacobi identities,

1 1 1
[Jﬂ, p] = —{—5)\“, [J/»“ >\l/] = _§E/Jl/p)‘p + §6ﬂyp’ (286)
_ 1 - 1 - 1. _
[JN p] = _5)\1“ [J/“ )\V] = —§€lujp)\p — 5(5;“/[), (287)
1 ) 1
[Rl“ p] = _5)\1“ [R/“ )\V] = —§€lujp)\p - 5(5;“/[), (288)
_ 1 - ) - 1. _
[Rl“ p] = +§)\M’ [RM7 )\V] = —§6MVP)\p + 5(5;“/[), (289)

[JwG] = [Juaa] = [JwK] = [RuaG] = [Rma] = [RH’K] = 0. (2.90)

One sees that, after the twisting, the fermions (p, A, A, p) are transforming as (scalar,
vector, vector, scalar) while all of the auxiliary fields (G, G, K) remain as scalars under
JIe8 — ]+ R,

The SUSY transformations of the component fields can be determined from the above
Jacobi identities via

sap = {Va,¥]|ps=0, (2.91)

where the ¢ denotes any of the component field (D4, p, Xm)‘;uﬁ? G,G,K) in the SYM
multiplet while the ¥ denotes the corresponding superfields (V4,, T,KM,AM,T,Q,E, K),
respectively. The symbol |g/s—o means that the 64 = (9,5,“ 6,“5) are all taken to be zero.
All the N =4 D = 3 twisted SUSY transformation laws for the component fields are listed
in table . As a natural consequence of the constraints (.3§)—(R.41)) or (2-52)-(R.53), the
resulting N = 4 D = 3 twisted SUSY algebra for the component fields closes off-shell
modulo gauge transformations,

{s,5u}p = —i[Dyp, ¢l (2.92)
{8030} = —€up[D—ps ¢l (2.93)
{5, sute = —ilDyp, ], (2.94)
{others}yp = 0, (2.95)

where the ¢ again denotes any component of the SYM multiplet (D4, p, XH, Aus P, G, G,K).
As described in [[(3, [[4, 4], once all the SUSY transformation laws of the component fields
are obtained, the corresponding superfield expressions can be given by operating €% on the
lowest components, where dy = 0s + EMEM + 0,8, + 05 for the twisted N =4 D = 3,
(vﬂ:ua T? K}M AM? T7 ga ?7 IC) = 666 (Dﬂ:ua p7 X}M AM? ﬁ? G7 57 K) (296)

The N =4 D = 3 twisted SYM action can be manifestly constructed with the help of
the “chiral” and “anti-chiral” superfields V. For example, if we focus on the Vi3 which
are subject to (2.67)-(R.6), the invariant action can be given by either of the following
expressions,

/ 3 / df1df2df,db; trV 3V 43, / dx / d0d0dfsdfs trV _3V_3.  (2.97)
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s Em Sy 5
Dy, 0 —i€pupp +i€mpAp 0
D_, +A —Ouvp —0up +A
p |+K +5[D+p, D] 0 ~5€upo[D—p, D—o] -G
A 0 —i[D4 s D] —6,,G —2€0p0[Dypr Do)
0 (K + £[Dips D))
Ay Jr%el/pd [D+p, Do —6u G ~i[Dyy, D] 0
_5W(K - %[D-ﬂhp—p])
P -G +5€ups [D—p, D] 0 —K + §[D4,, D]
G 0 +eupa [D—ps Ao 0 +i[Dp, Ag]
+i[Dyp, 7]
G +i[Dp; Ap] 0 —€upo[D—p; Ao 0
+i[Dipus p)
K ~5D1p, M) +5€up0[D—p; Ao +3€upa [D—ps Ao +5[D4p, M)
5Dy P +5[Di . 7]

Table 2: SUSY trans. laws for twisted N =4 D =3 SYM multiplet (D4, p,Xu, s Ps G,G,K)

In terms of the lowest component fields D43, the above expressions are essentially
equivalent to the successive operations of the supercharges on the lowest components D43,

/d3$/§1§25152 trDi3D 3, /d3$/585383 trD_3D_3,

respectively. By consulting the SUSY transformation laws summarized in table ], one can

(2.98)

show that these two combinations are equivalent and give rise to the following SYM action,

SN4D3

TSYM (2.99)

1 1
/d3 —81828182 tr Dy3 Dy = /d3£6 585383 tr D_3 D_j3

1 1 _
= /d35'3 tr[ 1P+ D=p][D+v, D-v] = 5Dy, Dw][D—p D] + K’ +GG

+ i [Dopas P + I[Py Pl + €upAu[ D, Ao | (2.100)

The exact form w.r.t. all the supercharges of twisted N =4 D = 3 manifestly ensures the
invariance of the action under any of the SUSY transformation,

4D:3_0
- )

SASRGAL (2.101)

54 = (5,5,8u,3).
By substituting Dy, = 9, — ¢ (Au + qﬁ(“)), the action can be written as,

N=4 D=3
STSYM

1 1 _
/d3m tr [ﬁFWFW_[Dm¢(V)][Dw¢(y)]—§[¢(“)7¢(”)][¢(“),¢(”)]+K2+GG
+ iAu[Dyuy p) + iXu[Dy

+ Xa[6), p] + Ao,

;P + EpvpAp Dy, Xp]

Pl + i€upA [¢(V)7)‘p] ; (2.102)
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where F,, = i[D,,D,]| are representing the field strength with the gauge covariant
derivatives D,, = 0,, — iA,. The tr is representing the trace for the gauge group. One
could notice that the kinetic terms, the potential terms and the Yukawa coupling terms
are naturally arising from the combinations of the D4, in (2.100). The action (2.103) is
the continuum counterpart of the twisted N = 4 D = 3 lattice SYM action proposed in [f].

Here we have a couple of remarks regarding the action (2.103). First, the action can
be expressed by re-writing the fermion kinetic terms and the Yukawa coupling terms in the
following way,

SNAP ™3 = /d?’m tr [%FMVFMV_[DW¢(V)][Du,¢(y)]—%[¢(“)7¢(V)][¢(“),¢(V)]+K2+G@
+ 100 (V) ag[Pus Yai] + Via 8™, Yai] (v) i (2.103)

where we introduced the “untwisted” basis of fermions 1),; and 1);, defined by the expan-
sions w.r.t. the N =4 D = 3 twisted fermions (p,\,) and (p, \,), respectively,

1 — 1
Vai = %(1,04'%)‘#%% Vio = %(m*'%t)‘u)im (2.104)

The 1 again denotes a two-by-two unit matrix while the gamma matrices v, are taken as the
Pauli matrices, v,(¢ = 1,2,3) = (01,02,03). In terms of the untwisted fermions (R.104),
one could see the manifest invariance of the action (2.103) under the independent SU(2)
and SU(2)pr rotations. The expressions (R.104) also imply that the N =4 D = 3 twisted
fermions have one-to-one correspondences with a three dimensional Dirac-Kéahler fermion
components [R]. This is more clearly seen in the corresponding lattice formulation given
in [d], where the N =4 D = 3 twisted fermions (p,XM, Au»p) are essentially embedded in
the three dimensional lattice as a (0-form, 1-form, 2-form, 3-form), respectively.

One should also notice from the second equality in (R.99) that the N = 4 D = 3 twisted
SYM action can be expressed by the ss-exact form,

—4 D 1
St > = §8§/d3~’6 S3s3 tr D_3D_3 (2.105)
1 1
= §s§/d3x tr [—gewpDﬂ[Dy,Dp] +2pp|. (2.106)

After using the cyclic trace property, partial integrations and the commuting nature of the
derivative operators, [0,,0,] = 0, one finds that the above action can be written down as
the ss-exact form on the following Chern-Simons type action attached with the fermion
bilinear term pp,

—4 D— 1
ST = 55 Sscs, (2.107)
_ R _
Ssog = /dgx tr |:6MVP(AM [3V,Ap] — gAM [AV ,Ap ]) + 2pp|, (2.108)

where the symbols A; are defined by A; =A, - ®W . Tt is rather striking to recognize
that the SYM action and the above type of Chern-Simons action are intrinsically related
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by the twisted SUSY transformations. This result is actually consistent with the (on-shell)
formulations of N = 4 D = 3 twisted SYM with the auxiliary one-forms B and B given
in [[7, [[§. Furthermore, thanks to the manifestly off-shell formulation here, it is easy to
show that the Sgcg can also be expressed by the 5151 and Sos9 exact forms,

Sscs = /d?’x S3s3trD_sD_3 = /d3$§151 trD_1D_q1 = /d3$§282tI'D2D2a(2.109)

from which it obeys the invariance of the Sgcg under the six of the twisted SUSY trans-
formations (s1, s2, 83,51, S2, 53),

spSscs = SuSscs = 0, (k=1,2,3). (2.110)

It is important to recognize here that the supercharges (s,, 5,) and the sub-multiplet
(D_y, p,p) form an off-shell closed sub-algebra embedded in the entire N = 4 D = 3

twisted SUSY algebra (2.92)-(R.99),

{Suagu}SDsub = _E;wp[Dfp,SDsub], (2.111)
{51, sutosub = {5450 }osup = 0, (2.112)

where (g1, is representing any component of the sub-multiplet ¢, = (D—,, p, p).
Another important observation is that the Lagrangian density in the Sgcg transforms
as a scalar only under the twisted rotations Jﬁiag = J, + R, and not under the J, and
the R, independently, which implies that the action Sscg is purely a twisted object. As a
consequence, one cannot perform “untwisting” the action Sgcg even in the flat spacetime.
This should be compared to the rotational property of Sévs;:{lMD =3 which is invariant under
the J, and R, rotations independently. The other type of Jgiag scalar Chern-Simons type

action can be found by noticing that the S]TVS:\?MD =3 is also expressed as the following form,

—ap=g 1
St 2 = 6 /dsw Sususs tr D_,D_y, (2.113)
1
= 58S Sscss (2.114)

where p and v are summed up from 1 to 3. The Sgqg is given by the Chern-Simons type
action with a mixed combination of Aff =A,+ #) attached with another fermion bilinear
terms AﬂX“,

1

1 2

= /dgaj tr |:_§E/Jl/pD;L[D+I/,D+p] + g)\ﬂ)\ﬂ (2116)
1 _ T 2. -

- /df’);C tr [ew,p{g(/l: +24,)[0,,A)] - §Au (A, AT} + gAHAH , (2.117)

It is clearly seen from its exact form that the Sgng is invariant under the scalar type twisted
SUSY transformations s and 3,

$S§cg = 5S§cg = 0. (2.118)
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The above SUSY invariance is again supported by the existence of the sub-algebra and the
sub-multiplet embedded in the entire twisted N = 4 D = 3 algebra (£.92)-(R.95),

{53}k = 5°Glub = 5w = 0, (2.119)

which holds off-shell for the sub-multiplet ¢, , = (D4, )‘mxu)-

Remembering that the N = 4 D = 3 twisted SYM action S¥S:§1MD:3 can be realized
on the lattice consistently with the lattice Leibniz rule conditions [f], one may wonder the
above exactness relation between the SYM and the super Chern-Simons would be playing
a key role also in realizing the Chern-Simons on the lattice. Since addressing this topic is
beyond the initial scope of this paper, we keep this subject as our future study. In the next
section we will shed light on the rather different aspect of the N =4 D = 3 twisted SYM,
namely its dimensional reduction aspect from N =2 D = 4 twisted SYM.

3. Two possible twists of N =4 D =3 SYM

In this section, by a dimensional reduction of the N =2 D = 4 twisted SYM constraints,
we explore the two possible twists of N =4 D = 3 SYM and we show that the N =4 D =3
twisted SYM in the last section is essentially classified as the B-type twisted SYM.

The formulations of the N = 2 D = 4 twisted SYM in terms of the superconnection
method are given in [[[4, PJ]. In [[4], the detailed analysis originated from the N = D = 4
Dirac-Kéahler point of view is also explicitly elaborated. We start from the following N =
2 D = 4 twisted SYM constraints in the twisted superspace (z,0", 0", 6% ) [[4],

» Yo Y po
{(VH, V) } =iV, (Vi ViY = +i6}, Vo, (3.1)
(VTV} = —iW, (V5. Vit = —isl, W, (3.2)
(V.V} =—ibuF, {others} = 0,
where the symbol 5;fypo, is defined as 5;;/)0 = 0005 — 0o 0up+€upo. The second rank tensor

V:V satisfies the self-duality condition, %EWPJV;O = Vty. The symbols (V*‘,V:,V;O)
are denoting the supergauge covariant derivatives which consist of the N = 2 D = 4
superderivatives (D", D', D) and the superconnections (T'*, T}, T} ),

V= D* -l (07,67,635), (3.4)
Vi =Dy —ilf (67,607,675,
Ve = Dy — il (07,65,075), (3.6)

where the superderivatives (D+,D:,D;'U) satisfy the following N = 2 D = 4 twisted
SUSY algebra,

{D*,Dji} = —id

» {D, D;} = 4ot

o oo Ovs {others} = 0. (3.7)

We denote the expansions of the bosonic gauge covariant superfields (V;,T/V,F) in the

r.hs. of (B.])-(B.3) as,

Vy=0—iAu+-, W =A+, F =B+, (3.8)
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where the A,, A and B are representing the four dimensional gauge field and the two
independent scalar fields, respectively. All the component fields in the V,, W and F' can be
expressed by the combinations of the component fields embedded in the superconnections
(T+,TF,T,) subject to the constraints (B.1])~(B.3). The dots in (B.§) denote the possible
0% = (6%,0,,07,) expansion terms.

The SO(4)r x SU(2)r rotational properties of the (super)covariant derivatives are

given by [,

5 V¥ = +2V 5, i V51 = 20 V5, (39)
o Vi) = = 28pe V4 (55,0 V5 — 60 V), (3.10)
i V4] = U V1 = Vo V] =0, (3.11)
T Vol = =00 Ve i Vel = ~ 20 Vor (3.12)
T W) = U W] = 1 F] = [ F] =0, (313)
s B R V3 = ~ 50 Vi, (314)
R Vil = 4200000V + 20 Vi — 3 V1) (315)
Ry V9] = [y V1 = (B Vo] =0, (3.16)
[R:V,VB] = [R:V,W] = [R:V,F] =0, (3.17)

where Ji},, and J,,, denote the self-dual and anti-selfdual part of SO(4)g Euclidean Lorentz
generators while the R;LLV denote SU(2)r internal rotation generators. Note that Rf[l,
is also subject to the self-duality condition, R, = JeupoR},. The symbols 6% , =
0upOuve — 0ucOup £ €uvpo are projecting the self-dual and anti-selfdual part, respectively.
Now we perform the dimensional reduction of the N = 2 D = 4 twisted SYM con-
straints to the N = 4 D = 3 constraints. We take the component fields independent of
the fourth direction x4 and denote the (super)gauge covariant derivatives in terms of the

following N =4 D = 3 notations,

vt -Vl V-V V-V V-V V/—-V, (318
Vh = Vs V- -V V-V, V{--G, (3.19)

where the G is representing the scalar field originated from the gauge field in fourth di-
mension. By the dimensional reduction, the original Euclidean rotational group SO(4)g is
reduced into SU(2)g which is the covering group of three dimensional Euclidean rotation
SO(3) g, while the original internal symmetry SU(2)g remains intact. Furthermore, as is
pointed out in [RF], we have yet another SU(2) symmetry associated with the N =4 D =3
SUSY algebra, which is denoted as SU(2)x. The existence of two independent internal
symmetries SU(2)r and SU(2)y leads to the two possible topological twists [, [[§] which
we will explicitly see in the following.
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In terms of three dimensional notation (B.1§)-(B.19), the constraints (B.1))-(B.3) turn
into the following form of N =4 D = 3 SYM constraints,

{Ve,Vh} = —ie®V,, {Ve, Vo) = +ie€,p)V ) — i6,,0™, (3.20)
(VeV} = —igp®, {others} =0, (3.21)

where the subscripts p, v, p run from 1 to 3 while the SU(2)y superscripts a,b take 1 or
2. The scalar fields ¢ form the triplet state of SU(2)y where each component of ¢ is
defined by the scalar fields introduced in (B.2), (B.3) and (B.19),

¢11 — VV, ¢12 — ¢21 — G, ¢22 - F (322)

The transformations of the supercovariant derivatives under the whole symmetry group

SU(2)g x SU(2)r x SU(2)y are given by

a 7/ a a Z a 7/ a
s V) = +5 Vi 10, V8] = =56V — 50w V", (3.23)
a Z a a Z a Z a
[RM,V ] = —§VW [RM,VV] = —56,“,pr + §5WV y (324)
1
[N VAl = 5 () Vs, (3.25)

where J,,, R, and N, denote the generators of SU(2)g, SU(2)r and SU(2)y, respectively.?
In the last line, V9% represents any of (V¢, VZ) The gamma matrices 7, are taken as the
Pauli matrices, v,(u = 1,2,3) = (01,02,03). The generators J,, R, and N, obey the
independent SU(2) algebra,

u, I] = —ti€updy,  [Ru, Ryl = —i€upR,, [Ny, Ny = —iew,N,,  (3.26)

[Ju, R = [Ju,N)] = [Ry,N,] = 0. (3.27)

The first topological twist of N = 4 D = 3, which is called the A-type or the super

BF type twist in the literatures, is given by taking the diagonal subgroup of SU(2)g x
SU2)r 17, [§. After the twisting, the entire rotational symmetries are governed by the

twisted Lorentz rotation (SU(2)g x SU(2)r)diag generated by Ju® = J, + R, and the
internal rotation SU(2)n by Ny,

[Jgiag’ va] — 07 [Jgiag’ vz] — _ieﬂypvg

a 1 a a
[N;M VA] = 5(7}1) bv ) (328)
namely, V¢ and V7, are transforming as,
Ve (1,2), Ve (3,2), (3.29)

of (SU(2)r x SU(2)R)diag X SU(2)n. It is also easy to see from the constraints (B.2()
and (B.21)) that the gauge field A, and the scalar fields are transforming as,

A, (3,1), % (1,3). (3.30)

3The J, and R, are defined by Ji = Jj, + Ji, Jo = —Js — Ji, Js = Jih + Ji, Ri = Rf, + Ry,
Ry = —R}; — Ry and Rz = R}, + R, in terms of N = 2 D = 4 notation.
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Notice that the ¢? still transform as scalars after the A-type twist. By analyzing the
Jacobi identities together with the constraints (B.20) and (B.21)), one can construct the
corresponding off-shell SYM multiplet which consists of the gauge field A, the scalar fields
¢ as well as the twisted fermions p?, A, and the bosonic auxiliary field H), transforming as,

p®:(1,2), ALt (3,2), H,:(3,1). (3.31)

The SUSY transformations of the component fields and the corresponding SYM action
of the A-type twist can also be obtained through the Jacobi identity analyses under the
constraints (B.20)—(B.21) just as in the previous section.

The second topological twist of N =4 D = 3, which is called the B-type or the Blau-
Thompson type twist, is given by taking the diagonal subgroup of SU(2) g x SU(2) x [[7, [[§].
One sees that the basis of V9 appeared in (B.2() and (B.21]) is not appropriate for the B-
type twist since the operations of J, and N, in (B:23) and (B.2§) are not on the same
footing. One of the appropriate basis for the B-type twist could be found after taking the

following linear combinations of the super gauge covariant derivatives,

1

vl = +3 (V! +iVi+V3+iV3), V? = +% (V2 —iVi - Vi +iVs), (3.32)
v = —% (V! +iVi-V3-iv3), VE = +% (V2 —iVi+ V5 —iVsy), (3.33)
A= % (V2 +iVi -V —iVy), V7 = % (V! —iVi+V3—iV3), (3.34)
A= —% (V2 +iVi+V3+iVy), V§ = —% (V! —iVi—V3+iV3), (3.35)
and making the slight re-definitions of R, and N,
R, = —Rj3, Ry, = —Ry, R, = —Ry, (3.36)
Nl =-N;, N, =-N,, N, = —Ny. (3.37)
We then see that the relations (B.20)—(B.2I]) are re-expressed as
{V', V) = —ie® (Vﬁ + ¢(")) : (3.38)
{Vif,Vf,b} - —i-ie“be,wp <VB - ¢(p)) , {others} = 0, (3.39)
where the ¢(® are given in terms of W, F and G,
oD = —iG,  ¢® = +%(W +F), 9= —%(W ~F). (3.40)
Accordingly, the relations (B.23)—(B.25) are also re-expressed by
[0, 9] = 2v:f, [ Vi) = — eV = 280" (3.41)
[N, V'] = 2v;f, [N, V] = —%ewpv;? - %@Wv'“, (3.42)
(R, V4] = 5 () V' (3.43)
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Notice that, after the re-definitions (B.32)-(B.35), the SU(2)g and the SU(2)y are operat-
ing on the same footing as if the role of the SU(2)y and the SU(2)r were interchanged.
The second topological twist can be appropriately performed on this basis by taking the
diagonal subgroup of SU(2)g x SU(2)y. After the B-type twist, the rotational symme-
tries are governed by the generators J,:diag =J,+N L and RL which are representing the
twisted Lorentz of (SU(2)g x SU(2)n)diag and the internal rotation generators of SU(2)g,

respectively. From (B:41))—(B-43), one could obviously see
. : 1
(e VT =0, LRV = i,V (R VE] = ()" VL (344)
Namely the V'* and V)¢ are transforming as,
Vv'e:(1,2), Vi (3,2), (3.45)

of (SU(2)g x SU(2)N)diag X SU(2)r. The gauge fields A, and the scalar fields ¢(*) are

accordingly transforming as
A, (3,1), oW : (3,1). (3.46)

Notice that, after the B-twist, the scalar fields ¢ transform as a three dimensional
vector just like the gauge fields. The B-type twisted fermions (p“,)\Z) are transforming
in a similar way as the A-type twisted ones while the auxiliary field H* transform as a
SU(2)g triplet states,

P (1,2), AL (3,2), HY:(1,3). (3.47)

It comes clear from the constraints (B.3§)—(B.39) and the representations of the com-
ponents (B.45)-(B.47) that the N =4 D = 3 twisted SYM in section [ can be essentially
identified as the B-type twisted SYM described in this section. We have the following
notational identifications for the SU(2)g doublet and triplet states,

(Va,Va) = V%, (pp) =" Qwl) =X, (GG K)— H?, (3.48)

where the appropriate sign re-definitions are understood. Note that the internal symmetry
generators R, in section f| can be identified as NV, L in this section. The above correspon-
dences indicate that the lattice formulation of N = 4 D = 3 twisted SYM given in [f] is
essentially classified as the B-type twisted SYM.

4. The twisted N =2 D =4 and N =4 D = 3 SYM from the lattice
point of view

Knowing the classification of the two inequivalent topological twists of N =4 D =3 SYM
and remembering the lattice realization of B-type twisted SYM [f], one should ask the
possibility of formulating the A-type twisted SYM on the lattice as well. In this section,
we consider the lattice Leibniz rule and the lattice gauge covariance for the N =2 D =4
and N =4 D = 3 twisted SUSY algebra and multiplet. We then explicitly see that the
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B-type SYM is only the case which can be consistently realized on the three dimensional
lattice satisfying these criteria.

Let us briefly remind the basic idea of the lattice Leibniz rule introduced in [, f]. The
importance of Leibniz rule is also stressed in the context of the non-commutative differential
geometry on the lattice [R7. Since on the lattice there are no infinitesimal translations, the
derivative operators should be replaced by the corresponding difference operators of either
forward or backward, P, = i0,, — i1A4,. The operation of the difference operators on the
lattice is naturally defined by the following type of “shifted” commutators,

(Ap,®(7)) = Ay ®(z) — ©(z £ 1) Asy, (4.1)

where the n,, denote three dimensional lattice unit vectors. The A4, are located on links
from x to x & n,, respectively, and taking the unit values for the generic site x,

A:I:u = (A:I:u)le:n,“x =FL (42)

Correspondingly, we define the lattice supercharges @ 4 on the links from = to z+a 4 whose
operations are defined by the “shifted” (anti)commutators,

(Qa2(7)) = (RA)z+asP(x) — (_)M)‘(I)(x +aa)(QA)a+an,zs (4.3)

where the symbol |®| takes the value of 0 or 1 for the bosonic or the fermionic ®, respec-
tively. Since the supercharges (4 are located on links, the anti-commutators of super-
charges are naturally defined by the successive connections of link supercharges,

{QA, QB}eraAJraB,m = (QA)eraAJraB,eraB (QB)JB+GB71' + (QB)eraAJraB,:eraA (QA):v+aA,(L4-4)

In terms of these ingredients, the lattice SUSY algebra can be expressed as

{QAa QB}IJraAJraB,I = (Aip)m,min# (45)

provided the following lattice Leibniz rule conditions hold (see figure [l] and figure ),

ag+ap = +n, for Ay, (4.6)

as+ap = —n, for A_,.

It has been pointed out that the Dirac-Kéhler twisted N = D =2, N =4 D = 3
and D = N = 4 SUSY algebra can satisfy such conditions [J—f]. Since these successful
examples are explained in the references in detail, it is rather instructive here to begin with
the Leibniz rule conditions for the twisted N = 2 D = 4 SUSY algebra and then see how
the situations are improved by the dimensional reduction to the twisted N =4 D = 3.

The twisted N =2 D =4 SUSY algebra is given by

{Q", Q) = iy, {Q1,,QF} = —id),,.,0u, {others} = 0, (4.8)

where p,v,p,o run from 1 to 4. The symbols (Q‘F,Q:,Qty) denote the N =2 D =4
twisted supercharges which transform as a scalar, a vector and a second rank self-dual
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T @ > “T+mn, T —ny, < ¥
Y v, S »
Qp T Q4 Q4 < Qp
X :|— ap T + ap
Figure 1: Lattice SUSY algebra sub- Figure 2: Lattice SUSY algebra sub-
ject to the condition (@) ject to the condition (Q)
af a; agr aj{ a? a3 ag a?
at | £n1 +ne +£n3 +nma a' | £ny £ne +£ng
an +no 4+ni £nyg £ng aé +no +ny +ns
af3 +ng £ng £n1 Eno a% +ng +ny +£ne
aﬂ +ny “4ng £ng +£ny a% +ng £ne +ng
Table 3: Leibniz rule conditions for the N = Table 4: Leibniz rule conditions after the di-
2 D = 4 twisted SUSY algebra mensional reduction
tensor, respectively. The projector 5:[,//)0 = 0upOvo — Ousdup + €upo Picks up only the

self-dual part. The lattice Leibniz rule conditions associated with the lattice counterpart
of () are expressed as, for example,

a® +ai" = 4nq, an + af = *4ny, etc., (4.9)

where the signs are chosen to be positive (negative) if the corresponding difference operator
is the forward (backward) type. All the conditions associated with the twisted N =2 D =4
algebra are summarized in table f]. Viewing these conditions, one can easily notice that
they are actually over-constrained. For example, the total sum of a4 along the diagonal
part of table [ gives,

>aa = (a" +a) + (afy +a3) + (afy + af) + (afy +a))

=dny+tn +tnitn x ny or 0, (4.10)

while one of the off-diagonal combinations give rise to the different value of the total sum,
> aa = (afy +af) + (af +a3) + (afy + of ) + (" +af)

= :I:n3 + ni + no + Ty, (411)

which indicates that the a4 cannot have any definite values. The lattice Leibniz rule
conditions for twisted N = 2 D = 4 thus do not have any consistent solutions.

Now we perform a dimensional reduction to three dimensions by truncating the fourth
dimension. By employing the SU(2)r x SU(2)x manifestly covariant notation in the last
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section, the N =4 D = 3 twisted SUSY algebra of either the A-type or the B-type can be
written as

{Q*, Q%) = +ie™0,, {Q4, Q0 = —ie™€u,p0,. (4.12)

The Leibniz rule conditions for the lattice counterpart of (.19) is summarized in table i
Notice that the off-diagonal summations such as ({.11]) turn to be irrelevant after the di-
mensional reduction since there are no conditions arising from the fourth direction. Taking
a look at the total sum of a 4’s in terms of the relevant combinations, one could realize that
the total sum of a4’s should vanish in order for the N = 4 D = 3 Leibniz rule conditions to
be satisfied, which means that one should have two forward difference and two backward
difference operators for each direction. One of the possible choices for the N =4 D = 3
lattice SUSY algebra is thus given by, for example,

{Q", Q) = +ie® Ay, {Q, Q0 = —ie™eupA,, (4.13)
which is associated with the Leibniz rule condition,
a” + aZ = +e®|ny, ay, + ay = —|e|leupln,. (4.14)

As is presented in [fl], the consistent solutions for the conditions ([.14) are given by

al = (arbitrary), ai = +n, —a’, (4.15)
3
ab:—ZnA—l—al, a2:+ZnA—a1. (4.16)
AFEp A=l

As is also stressed in [f, the eight supercharges of N = 4 D = 3 twisted SUSY
algebra have one-to-one correspondences with all the possible simplicial elements in three
dimensions, namely, O-form, 1-form, 2-form and 3-form whose total number of components
is 1+ 34+ 3+ 1 = 8. This geometrical consistency with the Dirac-Kahler picture of the
fermions essentially provides the reason why the N = 4 D = 3 twisted algebra can be
exactly realized on the three dimensional lattice. From this viewpoint, there is no wonder
why the N =2 D = 4 lattice Leibniz rule conditions do not have any consistent solutions,
because in four dimensions we have O-form, 1-form, 2-form, 3-form and 4-form whose total
number of components is 1 +4 +6 +4 4+ 1 = 16. We obviously need the Dirac-Kéahler
twisted N = D =4 SUSY algebra with sixteen supercharges to be exactly realized on the
four dimensional lattice, as is already pointed out in [f].

Let us now turn to address the possibility of formulating the A-type twisted SYM on
the lattice. We first remind that, in the manifestly gauge covariant formulation of the
lattice SYM [H, f], each supercharge (Q4)z4a 4,z 1s replaced by the corresponding fermionic
gauge link variable (V 4)z4q,,» Whose gauge variation is given by

(VA):eraA,m — Gutay (VA)$+GA7$G1‘_1? (4-17)

where GG, denotes the finite gauge transformation at the site . In order for the SYM
multiplet to be realized on the lattice, we need to take care of not only the Leibniz rule
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itself but also the lattice gauge covariance of the entire SYM multiplet as well. Although
there is no distinction between the A-type and the B-type in the lattice realizations of
the SUSY algebra itself ([.13) except for interchanging the roles of the SU(2)r and the
SU(2)n, the situation becomes quite different when one comes to the gauge covariance on
the lattice.

For the B-type twisted SYM which is subject to the constraints (B.3§) and (.39),
we can successfully introduce the bosonic gauge link variables, (uzl:u)a::tnu,ar

<eii(A“i¢(H))> ) as the lattice realization of the gauge covariant derivatives, F(0, —
rEn,,T

i(A, £ ¢™)) [Al. Note that the scalar fields ¢(*), transforming as a three dimensional
vector after the twisting, are embedded in the bosonic gauge link variables U/ ,,. In terms
of these link variables, the lattice counterpart of the constraints (8.38) and (B.39) can be

expressed as

{va’vz}mqta‘”raz,m = +i€ab(u+u)$+nu,x’ (418)
{vz7vf1}x+az+ag,m - +i€ab6MVP(u—P)$—np7$7 (419)
{others} = 0, (4.20)

where the anti-commutators in the L.h.s. are defined as the link anti-commutators as in the
supercharge case ([.4),

{va7 vz}x-i-a“-i-az,x = (va)aﬁ—l—a“—kaz,a&—kaz (VZ)$+GZ7$ + (VZ)x-i-aZ-i-aa,x-i-aa (va)x-i-aa,x (4'21)
Notice that the Leibniz rule conditions (4.14) are nothing but the gauge covariance con-
ditions for the B-type twisted SYM constraints ([.1§) and (f.19). Furthermore, once the
starting constraints are given in a gauge covariant manner, all the analyses of the Jacobi
identities automatically respect the gauge covariance on the lattice thanks to the link defi-
nition of the (anti-)commutators. In this way, the gauge covariance for the B-type twisted
SYM is manifestly maintained on the lattice.*

As for the A-type twisted multiplet in contrast, one finds that the scalar fields ¢ are
embedded in the constraints (B.2q) and (B.21)) as follows,
{Ve, V") = {V1,Vi} = {V5, V3} = {V5, V3} = —ig™, (4.22)
This “diagonal” embedding of the scalar fields is directly related the fact that the ¢?° are
transforming as scalars under (SO(3)g x SO(3)R)diag €ven after the twisting (See (B.30)).
The crucial observation here is that the equalities in (4.22) can never be simultaneously
satisfied on the lattice since the solutions for the lattice Leibniz rule (4.15)—(K.16) indicate
that each anti-commutator should be located on a different link each other. For example,

in the case of a # b we have the four anti-commutators obviously located on different links
each other,

{Vaa vb}ar-l-nﬁm-i%aﬂm {V(ll7 Vll) }J»‘-l"’ll—‘n2—”l37$7 {Vg7 Vg }a:—n1+n2—n37ar= {Va7 Vg}x%rnmsw-

(4.23)

4As is claimed in [ﬁ]7 we need to introduce covariantly constant fermionic parameters na in order to
maintain the gauge covariance associated with the twisted SUSY variations of the component fields on the
lattice.
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Likewise, we do not have any chance to simultaneously satisfy the equalities in ({.29) in
the case of a = b, either. Thus, the scalar fields ¢® in the A-type twisted multiplet can
never be located on any definite links on the three dimensional lattice. We conclude that,
amongst two types of the N =4 D = 3 twisted SYM, only the B-type twisted multiplet can
be realized on the lattice keeping the Leibniz rule and the gauge covariance on the lattice.
Namely, the formulation given in [fj] is the unique lattice realization of N = 4 D = 3
twisted SYM satisfying these criteria.

One may wonder why the A-type multiplet fails on the lattice even though the starting
constraints for the A-type (B.20)-(B-21) and the B-type (B.38)-(B.39) are related each other
by the linear combinations (B.32)—(B.35). One should remind here that although the A-type
and B-type basis are related each other, those two give rise to the inequivalent theories
after the twisting since they respect the different diagonal subgroups of the Lorentz and
the internal rotations. The above analysis suggests that only the B-type twisted rotational
subgroup can be survived on the three dimensional lattice consistently with the gauge
covariance of the lattice SUSY multiplet.

It should be mentioned here that we had a similar situation also in the twisted N =
D = 2. The existense of two inequivalent twists in the N = D = 2 SYM is originated
from the two inequivalent internal symmetries, the ghost number /(1) and the SO(2)g
internal rotation.> In the lattice formulation proposed in [[], we introduced the scalar
fields in such a way that they transform as a two dimensional vector after the twisting.
We could maintain the gauge covariance of the N = D = 2 twisted SYM multiplet on
the lattice by embedding the gauge fields and the scalar fields in the bosonic gauge link
variables just as in the B-type twist of N = 4 D = 3 explained above. The other twisted
basis of N = D = 2 turned out not to accommodate the lattice gauge covariance just as in
the case of the A-type twisted N = 4 D = 3. The lattice formulation given in [f] is thus
providing the unique lattice realization of N = D = 2 twisted SYM compatible with the

lattice Leibniz rule and the gauge covariance on the lattice.

5. Summary & discussions

An entirely off-shell formulation of the N =4 D = 3 twisted SYM is presented. We employ
the twisted superconnection method in order to provide an manifestly gauge covariant off-
shell framework. Although the formulation is given in terms of the twisted basis, the
resulting SYM action respects the entire symmetry group of the three dimensional Lorentz
rotations SU(2)g and the internal rotations SU(2)r in the flat spacetime. We also explore
the two inequivalent twisted SYM of N = 4 D = 3 rather explicitly and we then show that
the recent proposal of N =4 D = 3 twisted SYM on the lattice [] is essentially classified
as the B-type twisted SYM. We also consider the possibility of realizing the N =2 D =4
twisted SYM as well as the N =4 D = 3 A-type twisted SYM on the lattice by analyzing
the lattice Leibniz rule and the gauge covariance on the lattice. We then show that the
N = 2 D = 4 twisted SUSY algebra cannot satisfy the Leibniz rule conditions on the

5The author thanks I. Kanamori for his comments and discussions.
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four dimensional lattice and that the A-type twisted SYM multiplet cannot be compatible
with the gauge covariance on the three dimensional lattice. The analyses show that the
lattice formulation given in [f] is the unique realization of N = 4 D = 3 twisted SYM on
the lattice satisfying these criteria. In the same respect, we also mentioned that the two
dimensional lattice SYM formulation given in [[] is providing the unique formulation of
N = D = 2 twisted SYM on the lattice.

In this paper, we also explicitly derive the twisted SUSY exact relation between N =
4 D = 3 twisted SYM and the super Chern-Simons entirely in the off-shell regime. Thanks
to the off-shell structure, we clarify the twisted SUSY invariant nature of these super Chern-
Simons actions. We point out that the existence of the sub-algebra and the sub-multiplet
in the N =4 D = 3 is responsible for the twisted SUSY invariance. We observe that
these relations are also playing important roles when studying a possible formulation of
the super Chern-Simons on the lattice. The result of this analysis will be given elsewhere.
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